
 

Lecture
we start by defining cyclic groups

Definition A group G 5 cyclic if 7 an

element at G such that La G
Such an a is called a generator of G
The examples 2 and 216 show that cyclic

groups can be both infinite and finite
However all the examples which we saw were

abelian This is always true

Proposition cyclic groups are abelian
Proofi Left as an easy exercise

its

Now that we have learnt about subgroupsand

just encountered a new concept of cyclicgroups



our first Instinct should be to understand the
subgroups of a cyclic group This is recurring
theme in mathematics once you learn a new topic

try to relate it to previously learnedtopics
So let's go back to our setof examplesof

cyclic groups
l Z t We saw that the set of even
integers 22 is a subgroupof 21 But then
221 227 and so it is a cyclic group
Let's try 321 i 9 6 3 0,3 6,9

which are multiples of 3 This again is
a subgroup and b a cyclic group with 3

as a generator Infact NZ is a subgroupof
Z f ne Z and n21 97 so is a cyclic

group



2 Lets look at 216 t which is a cyclicgroup
generated by 47 Check that Oi 2,4 is a

subgroup of 26 and again 012149 427

so it is a cyclicgroup

Exercise Try to formulate a result or Theorem

based on the observations of the above exam
Isles

The observations above hints that asubgroup

of a cyclic group is itself cyclic This is

precisely the next

theorem Every subgroup of a cyclicgroup is
cyclic
Proof Suppose G is a cyclic group with a



a generator a so 6 497 het H be a subgroup

of G We want to find an element b c H

such that H Cb

First of all j H eE or H G then the

result is true so suppose H is a proper

subgroupof G Pick any element o E H et e Then

c E G as well and so c Ak for some k 0

KE 21 Since H is a subgroup so C a EH

So we know that It contains a positive
power of a But we want to find an element

that will generate all other elements so

intuitively it seems to choose am such that

m is the smallest positive integer with

AmeH why can we do this

Claim H Lam

Proof of the claim Let see H be arbitrary



We want to show that x Cam for some
n e 21 Since y c Gas well so y a for
some 2 10 By division algorithm

r nm 1ps with OE p m

So yeah anmtB
am aB Cam AB

aka Cam noy
But ame H Cam e H and ye H
mJh.y EH af c H But m was

chosen to be the smallest power of a such
that aMEH and Bsm f O

So y Cant So any arbitrary yet 8
a powerof am and hence H Lam

11111



Demaris Note that the proof of the Theorem
is telling us a lot more We not onlyknow
that any H E G is cyclic but we also know

a generator of H How We know the

generator of G Ca Simply find the
smallest or the first power of a which is
in H and that will be the generator
e g in the case of 221 E Z a

generator of 21 is I Then 2 is the smallest

power of 1 such that It 1 2 c 221 and so

I 22

o x x O


